In this paper, incubation mechanism and activity of nodes are introduced to study the dynamics mechanism of rumor spreading in complex network. It is assumed that when the susceptible interacts with the rumor believers, the susceptible need time to think about the rumor before they believe it. The susceptible individual will first go through a incubation period after being infected before becoming believer or stifler. The nodes have active and the inactive states, it can convert each other with a certain probability, the active nodes can interact with others which directs linking, and the inactive nodes just response the active neighbors.
I. INTRODUCTION
Rumor is a type of gossip which lack the evidence and unconfirmed. Because of the presence of social network applications, rumor is more prone to spread online instead of word by mouth in large regions. Rumors spread faster and widely on the internet. Rumors bring a tremendous impact on human being in the modern life [1] , the rumor spreading will reshape the public opinions and make the social panic.
There are some similar transmission mechanism between the disease and the information, such as the rumor. A lot of the rumor spreading model were proposed based on the disease model [2] , [3] . The series began in 1960s, the classical rumor spreading DK model was introduced by the Daley and Kendal [4] , in which the population has divided The associate editor coordinating the review of this manuscript and approving it for publication was Weisi Guo . three groups, ignorant, spreader and stifler. Then MK model was studied based on the DK model, and the mathematical approaches was introduced to analysis the dynamic mechanism for the model [5] . Then a lot of rumor spreading model were researched based on the developed the classical model [6] , [7] . During the first few years, the spreading model was studied based on the assumption that the network topology is the homogeneous networks [8] . In fact, the assumption of the homogeneous can't describe the characteristics for the internet social network properly. With the development of complex theories, Zanette studied the dynamical rumor spreading process on small-word network [9] , [10] , Moreno et al. modified the classical rumor spreading model on the scale-free network and established the mean-field equations to describe the dynamic rumor spreading process [11] . More and more researchers studied the mechanism about the rumor spreading and considered the VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ effect of the heterogeneity of network on the threshold of rumor spreading [9] , [12] . Zhou et al. proposed the rumor spreading model thought differentiated the unequal footings and taking the influence of topological structure in the model [13] . Boccaletti et al. reviewed the main studies on the network structure effects on rumor spreading dynamics from non-linear science to biology, from statistical mechanics to medicine and engineering [14] . Liu et al. developed the mathematical rumor compartmental model by considered the rumor-denier's behavior of refuting rumors [15] . Gu et al. studied a modified rumor spreading model by considering the forgetting rates and remember rates in the dynamic process. Huo et al. researched the rumor dynamic process with the prevalence of media and analyzed the impact of awareness programs by media report [17] , [18] . By considering the effect of the government punishment in the rumor spreading process, Li and Ma established a novel mode to describe [19] .
In consideration of the proverb, ''rumors end with the wise'', Hu et al. established a rumor transmission model considering the proportion of wisemen in the crows [20] . Liu et al. proposed a theoretical model to interpret the spreading process via both internal and external channels, considering three essential properties: (i) memory effect; (ii)role of spreaders; and (iii) non-redundancy of contacts [21] . More and more modified models were proposed by considering the external and internal effect factor in the rumor spreading process, such as reviewing mechanism, sharing mechanism and collecting mechanism [22] . Chen proposed a novel rumor spreading model considering the possibility that the spreaders may experience a cooling off period before becoming stiflers and the mobility of people in a certain area, and the model also analyzed the control strategies in emergency [23] . Recently, Zhang et al. reviewed recent developments in information diffusion and discuss the major challenges [24] . Information transmission models motivated by the classical epidemic propagation, have been applied to a widerange of social systems, generally assume that information mainly transmits among individuals via peer-to-peer interactions on social networks. Zhan et al. proposed a nonlinear model to further interpret the coupling effect based on the SIS model [25] . However, in the dynamic process of information spreading, it emphasized individual's subjective consciousness, when the individual heard a piece of information, they will consider it thoroughly and make the decision to believe or not, there has a reaction time, it called the latency which has great influence on the process of spreading rumors [26] . Some scholars conducted research on the influence of incubation on rumor dynamics. For instance, Zhao et al. adjusted SIHR model to extend classical SIR rumor spreading model based on new group people named the Hibernators [27] , Zhu and Ma proposed the SHIR rumor propagation model in random heterogeneous networks considering dynamic friendships [28] . Yao and Gao also established the SE2IR rumor spreading model by considering the hesitating mechanism [29] .
There are many researches discussing about spreading dynamics from various disciplines. Wu et al. established a model of spreading of sudden events on social networks [30] . Like most scholars' opinion that not only the hesitating mechanism, forgetting and remember rates and scientific knowledge, have important impacts on final rumor spreading size, some scholars as well point out that node activity may also have important impacts on rumor spreading process. Specifically, the person who takes initiative to know and spread rumor are called the activity individual, it has great influence the final size of the rumor spreading. In previous studies, the activities of adjacent nodes can be expressed by an exponential distribution, and it was regarded as heterogeneous and obeyed Poissonian activity patterns. On top of that, the mentioned models all satisfy to the next several hypotheses: at begin, all node activities were same, because the different psychological factors, there is a greatly heterogeneous for the response time with nodes; When the acitivities of individuals in the network are completely uncorrelated and so are the timings of consecutive interactions [31] - [35] .
In this paper, it is believed that node activity will affect rumor spreading process. Different from other scholars, once the susceptible interacts with the rumor believers, the spreading process requires some time for individuals to pass from the infected state to the believe state, and we assume that the susceptible individual first goes through a incubation period after being infected before becoming believer or stifler. A modified model is established to study the impact of incubation mechanism and activity of nodes on rumor spreading process. At each interval, an active node will interact with the nodes it links to directly, while an inactive node could only interact with these neighbor nodes which are in active state. The result show that the node activity reshaped the threshold of the rumor spreading by theoretical analysis and numerical simulation on heterogeneous network. This paper is structured as followed, in Section II, taking the incubation mechanism and activity of nodes into consideration, SI n I b I u rumor spreading model on heterogeneous network is established based on the mean-field theory, then in Section III, the analysis results for the model will be presented. In Section IV, steady analysis of this model will be given, and then the theoretical analysis results will be verified by the numerical simulation. Finally, the summary of our analysis will be displayed in Section V.
II. SI n I b I u RUMOR SPREADING MODEL
We assume that there are N individuals in the closed the complex network, it can be regarded as N undirected graph G = (V , E), where V (the individuals) denotes the vertexes and E (the contacts) represents the edges. At each time step, each individual with degree kin the network can be in one of the following eight states: active susceptible S a k , inactive susceptible S d k , active incubator I a nk , inactive incubator I d nk , active believer I a bk , inactive believer I d bk , active stifler I a uk , inactive stifler I d uk . Activity is regarded as some kind of thing that individual's activity to take part in the connection with the network. Activity of rate and nodes being active refer to the same issue, activity of rate is the probability of the node to be active, the activity rate of everyone cannot always keep unchanged so it cannot be excluded that node activity can exchange [35] . In our model, we bring an activity rate a to each node. That is to say, a node could be in active state with rate a and inactive state with rate a and 1 − a.
There are eight states for the individuals in complex networks, and dynamic process of all the groups show in Figure 1 . The dynamic spreading process will be present based on the following assumptions:
(i) An active susceptible node will contact with all the believers it links to directly and it will become an active incubator with probability λ. Then, with the time going, the active incubator will become believer or stifler, separately with rate α and β.ω. besides with the time going, the government and media may take effect and the believer gradually realize the rumor's trickiness and becomes a stifler with probability δ. (ii) An inactive susceptible node meets with an active believer and becomes an inactive incubator with rate λ. Then the inactive incubator will become the inactive believer or stifler, respectively with rate α and β. Due to stifling rate, the inactive spreader only meets with another active spreader or active stifler node, it will become an inactive stifler node with the same probability ω due to the forgetting mechanism, similarly due to the effect of government and media, the believer gradually realize the rumor's trickiness and becomes a stifler with probability δ. (iii) By introducing activeness to the susceptible nodes, incubators, believers and stifler, it is found that in the steady state, only susceptible nodes and stifler nodes are left in the network after numerical simulation. Therefore, in this paper, the final size of stifler nodes is used to measure final rumor spreading size. The dynamic process of rumor spreading described as following:
(i) Active spreading
The dynamic process of rumor spreading.
−→ I a n .
III. THEORETICAL ANALYSIS A. MEAN_FIELD EQUATIONS OF SPREADING DYNAMICS
In this part, we will give the mean field equations of the rumor spreading model on complex network. To give mean-field analysis, all nodes are divided into different classes according to their degree following the conventional approach of spreading dynamic study. The N (k) represent the number of nodes in class k. Then S a k (t), S d k (t), I a nk (t), I d nk (t), I a bk (t), I d bk (t), I a uk (t), I d uk (t) represent the density of nodes with degree k at time t in active susceptible, inactive susceptible, active incubator, inactive incubator, active believer, inactive believer, active stifler and inactive stifler state. As we previously assumed that a node in any degree class will be in active state with probability a and in inactive state with probability 1−a. Ignoring the interaction between the neighbors of nodes during [t, t + t], the state transformation can be in the following two situations.
In active susceptible state, node i can interact with any adjacent believer node with probability λ. Given that node i has g(g ≤ k) adjacent believers at time t, then the probability of node i keeping in susceptible state will be (1 − λ t) g . The probability that i has g(g ≤ k) adjacent believed neighbors is
where θ (k, t) = k P(k |k)I bk (t) is the probability of an edge of node i with degree k linking nodes representing VOLUME 7, 2019 believers at time t, P(k |k) represents the probability of a node with degree k linking to a node with degree k , and the parameter g is all possible values that the transition probabilities of an active susceptible node at time t.
In inactive susceptible state, the node i can only interact with any adjacent believer node. g(g ≤ k) is denoted as the number of adjacent believers of node i at time t. Then the probabilities that node i has g(g ≤ k) active adjacent believers at time t will be
An inactive susceptible node at time t for arbitrary g hold susceptible state and transit with probabilities as following:
Similarly, t a SS (t), t a SI n (t) can be deduced as same way, they represent an active susceptible node at time t for arbitrary g hold susceptible state and transit with probabilities respectively.
Based on polynomial expansion method, and t a SS =
Then an susceptible node i stay in its susceptible state at time t with the probability as following:
The probabilities of t I n I n , t I b I b and t I u I u that incubators, believers and stifler keep their states unchanged during [t, t + t] can be deduced as same way. When computing believers, we need to compute the probability of believer t with degree k linking nodes representing incubators, believers and stiflers at time t. t I n I n = at a I n I n + (1 − a)t d
By using the transition probability of Eq. (7), the transition rate of susceptible nodes of k-degree class during [t, t + t] can be expressed as
Similarly, we can get the transition rate of incubators, believer and stifler nodes during [t, t + t] as well
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I bk (t) 1 means the stable state in non-linear dynamical system based on Eqs. (11)- (14) . Therefore, we can linearize Eq. (12) ∼Eq. (14) around I bk (t) = 0 by removing all higherorder terms. Then, in the limit t → 0, we can obtain
B. CRITICAL THRESHOLDS OF SPREADING DYNAMICS ON HETEROGENEOUS NETWORKS WITH ACTIVE NODES
We choose a network with power-law degree distribution P(k) ∼ k −γ to research the heterogeneous network, k = k kP(k) is defined as the average degree, and the degree correlation in uncorrelated heterogeneous networks which can be written as following [36] .
where P(k) is degree distribution function of the network. Since in the initial condition S k (0) = 1, the Eq.(15) can be solved as follow by using the Eq. (19) S k (t) = e −(2a−a 2 )λkφ(∞) (20) An auxiliary function is introduced as
where O(k) = k O(k)q(k) has been used. φ(∞) can be work out the expression of final rumor spreading size I u , and φ ∞ = lim t→∞ φ(t) = φ(∞). We multiply Eq. (17) with q (k) and sum them over k and then integrate the equation based on the initial distribution of the susceptible nodes is I k (0) = I (0), Then a differential equation of the density of believer nodes can be deduced.
where
As same as above, by multiplying Eq. (16) with q (k) and summing them over k, and then integrate the equation, we can obtain:
dφ dt = 0 and dψ dt = 0 as t → ∞, then we can get:
where φ ∞ = lim t→∞ φ(t), ψ ∞ = lim t→∞ ψ(t) then Eq.(25) multiple α α+β and add to Eq. (24), the equation for φ(∞) can be obtained:
Integrating Eq. (16) and Eq. (17), the equation of the incubators and the believers can be derived:
then Eq.(27)multiple α α+β and add to Eq. (28) to zero order in ω, the equation for I bk (t) can be obtained:
Solving Eq. (27), we eventually deduce the expression of
Inserting Eq.(30) into Eq. (29),
where v(t ) = (α+β) t 0 (1−e −(2a−a 2 )λkφ(t ) )e (α+β)(t −t ) dt Both φ(t) and φ ∞ are small if the system tends to stability state which means the rumor size can be written as φ(t) = φ ∞ f (t), where f (t) is very small value, φ ∞ is expanded to leading order as following equation:
Inserting Eq.(32)to Eq.(26), and expanding the exponential to the relevant order in φ ∞ , the following equation can be obtained:
is an integral and its value is finite and positive. Obviously, φ ∞ = 0 works as one solution of the above equation and another non-trivial solution is obtained as
It means that the threshold of the spreading rumor model in heterogeneous networks can be obtained as following:
Similarly, when a c < 1 − 1 − δ(α+β) α<<k>> , we can deduce the threshold λ c greater than 1. That is to say, if the activity of nodes is under a certain threshold, the final rumor spreading size will be relatively small whatever the rumor spreading rate is. We can define the threshold of activity rate as following:
which validates only when λ c > δ(α+β) α<<k>> for the same reason. From Eq. (35) and Eq. (36), we can find that the activity rate and the thresholds of transmission rate are interdependent. In fact, these two equations represent the same curve.
When the spreading dynamics is below the curve, the final rumor spreading size will be small. Based on Eq. (36), the effective rumor control strategies that taking some measures to affect individual activity can help the managers to decrease rumors running rampant.
As I u (∞) = 1 − S(∞), the rumor spreading final size I u can be obtained as following
After importing Eq. (37) and developing to the relevant part of the exponential, the following equation will be obtained,
From the Eq(38), we can find that increasing parameter δ can reduce the final rumor spreading size I u .
IV. NUMERICAL SIMULATION
We will use the numerical simulation to validate the theoretical analysis in heterogeneous network with degree distribution is expressed by P(k) ∼ k −γ in Section III, and the network size N = 10 6 , average degree k = 1.15 and secondary moment is k 2 = 16.37. We average run over 50 runs with different initial believable nodes. At rumor spreading begin with one active spreader exists in the network, and others are the active ignorant and inactive ignorant. So S(0) ≈ 1, I n (0) ≈ 0, I b (0) ≈ 0, and I u (0) ≈ 0.
In the heat map Fig2, we can found that the individual activity rate and spreading rate have some effect on the final of rumor spreading size. There exists the critical phenomenon with the curve consisting of critical spreading rate and critical activity rate can be clearly displayed. The solid white line in Fig. 2 accords with λ c = 0.0748 * 0.6 (2a−a 2 ) where k k 2 = 0.0748 and α = δ = 0.6, β = ω = 0.4, which matches the critical curve well. The horizontal dashed line consists with λ c = 0.065, and the final of rumor spreading will be relatively small. The vertical dashed line corresponds to a c = 1 − δ(α+β) α<<k>> = 0.023 which implies that the final rumor spreading size will be small even the spreading rate λ is up to 1.
In Fig.3 and Fig.4 , the effect of activity rate a and spreading rate λ on final rumor spreading size explained further, the final rumor spreading size as the function of parameters λ and a are separately performed in Fig.3 and Fig.4 . In Fig.3 , we set β = 0.4, ω = 0.4, δ = 0.6, and λ = 0.1, 0.3, 0.5 and 0.7. The simulation results show that the threshold of spreading rate λ c is greatly related to activity rate a, which means the higher activity rate is, the lower the threshold of spreading rate is.
In Fig. 4 , we set β = 0.4, ω = 0.4, δ = 0.6, and a = 0.3, 0.5, 0.7 and 0.9 to display that the impact of spreading rate on critical spreading rate. The simulation found that both spreading rate and activity rate have positive impact on the threshold of rumor spreading. when the activity rate is no smaller than its threshold, activity rate's effect on spreading dynamics is rather obvious. Furthermore, the higher the spreading rate is, the lower the threshold of activity rate is. Besides, it can also be concluded that the spreading rate has positive effect on final rumor spreading size. Large spreading rate results in high rumor spreading size. These findings give us some clues to figure out efficient measurements to hold back rumor spreading. In the Fig.5 and Fig.6 , the dynamic process for the believers and the stifler with different activity rate a are studied in heterogeneous network, from the simulation, we can found that the density of the believable at first goes up until it reaches peak value, and then it will decrease to zero, the bigger the activity rate is, the faster the peak value get. The activity nodes will be easier to obtain the rumor and believe it, they also more likely interact with the other activity believers, stiflers nodes and lose their interest to become a stifler, then the bigger the activity rate is, the lower the peak value of believers are.
In Fig.6 , it can be found that the density of stiflers firstly grows sharply and then goes into steady state. On top of that, when the activity rate is getting larger, the density of stifler is larger at each moment than the networks with smaller activity rate.
V. CONCLUSION
A modifed SI b I n I u rumor spreading model with incubation mechanism and activity of nodes are discussed in heterogeneous network. Different from previous studies, in this paper, the activity rate is proposed to each element, we believe that active nodes can interact with nodes in active or inactive state, while the inactive nodes can only interact with nodes in active state. It is believed that once the susceptible node interacts with the believers, it will first become the incubators who will know the rumor and think about the reality of the rumor, but take no actions. Then some part of the incubators will believe the rumor and become the believers, and the rest of the incubators will lose the interesting and become the stifler. Mean-field equations are established to study the behaviors on heterogeneous network, it reveals that both activity rate and rumor spreading rate has negative effect on the threshold of rumor spreading. besides the higher the activity rate or the spreading rate is, the larger the rumor spreading size will be which has been validated by numerical simulations.
